We show that the superconformal symmetries of the (1, 1) sigma model decompose into a set of more refined symmetries when the target space admits projectors P (±) , and the orthogonal complements Q (±) , covariantly constant with respect to the two natural torsionful connections ∇ (±) that arise in the sigma model. Surprisingly the new symmetries still close to form the superconformal algebra, even when the projectors are not integrable, so one is able to define a superconformal theory not associated with a particular geometry, but rather with non-integrable projectors living on a larger manifold. In the bosonic subsector we discuss the appropriate generalization of the coupling of the worldsheet metric for the non-geometric cases, and the complications that occur when the (+) holomorphic and (−) anti-holomorphic projectors don't commute.
this case the Nijenhuis tensor with one index lowered is a three-form, and the (2, 2) algebra is deformed by a non-linear symmetry associated with it [6, 10] . The generalization of this phenomenon to arbitrary L-type symmetries is the topic of [11] .
The new symmetries that we consider in this paper are not associated with covariantly constant forms, but with covariantly constant projectors, P (±) , Q (±) , obeying:
The four projectors can be expressed in terms of two covariantly constant objects, R (+) and R (−) , that square to 1. We find that the integrability of the projectors can be expressed as the vanishing of the mixed components of H, with respect to P and Q. The refined symmetries are obtained by acting with the projectors on the standard superconformal transformations, and also involve non-linear transformations build from a rank-three tensor M constructed from the mixed parts of H, which therefore vanishes for integrable projectors. Unlike for the L-type symmetries mentioned above, the tensor M is not totally antisymmetric when the indices are all lowered, and isn't necessarily covariantly constant. The situation can be compared with the symmetries associated with covariantly constant almost-complex structures mentioned above, and may lead one to expect symmetries associated with non-integrable projectors to obey a deformed version of the superconformal algebra. However, we find the new symmetries always close as superconformal algebras. The only distinction is that closure is only up to equation of motion terms for commutators of symmetries between the holomorphic and antiholomorphic sectors. These terms are proportional to the commutators between the P (+) , Q (+) and P (−) , Q (−) projectors 2 , and commutativity, as we show, also implies integrability.
It follows that one can have a superconformal theory associated not with a particular manifold of dimension d, but rather with a larger geometry of dimension D > d, and covariantly constant non-integrable rank d projectors, and provides a way to realize non-geometric compactifications on the sigma-model side. Such compactifications are, still somewhat mysteriously, argued to be necessary via various stringy symmetries, most notably T-duality and mirror-symmetry on manifolds with flux [12, 13] . A T-duality invariant description of string theory can be obtained by doubling the dimensions of the compact geometry of the string theory background, and restricting to the physical theory via a projector whose rank is half the dimension of the doubled space [14, 15, 16, 17, 18] . The sigma models that have been studied explicitly in the doubled formalism have mostly been bosonic models on group manifold target spaces, and it has recently been argued that non-geometric compactifications correspond precisely to non-integrable projectors [19] . 3 The almost-product geometries we describe here generalize the doubled setting to arbitrary manifolds that admit ∇ (±) -invariant projectors. The double of an arbitrary CalabiYau, or a bi-Hermitian geometry should presumably provide a mirror-symmetric formulation of string theory [20] , but we are not claiming to be able to say anything about what such a double should be. 4 We simply provide the sigma model setting in which one can describe a class of non-geometric compactifications of the superstring, with the hope that it should also encompass the non-geometric generalization of Calabi-Yau compactifications, once these are understood.
In order to define the string theory BRST operator, we need to understand how to generalize 2 Not be confused with symmetry transformation commutators. 3 Let us also note that throughout the paper we only work locally, ignoring topological effects, and equate non-geometry with the non-integrability of the projectors. A further possibility, which can be realized in the doubled formalism, is that the projectors are integrable but that they never-the-less don't define sub-manifolds, having non-tensorial transformation properties. 4 For a possible way to address this question, in the context of topological theories, see [23] .
the coupling of the worldsheet metric to the non-geometric situation. We analyze the situation only in the bosonic subsector. The integrable case, when P (+) = P (−) , is straightforward, and corresponds to simply projecting out the standard bosonic action. But for non-integrable cases one needs to resort to gauging the projected conformal symmetries and expanding the action order by order in the gauge fields. In the standard geometric situation the gauge fields simply parameterize the worldsheet metric, but when P (+) = P (−) this is no longer the case. The simplest non-trivial case is to take the holomorphic and anti-holomorphic projectors to be inequivalent, but integrable and commuting. Then one is still able to write down a closed expression for the gauged action, but it can no longer be interpreted in terms of a coupling to a worldsheet metric. Much more serious obstacles are present when the holomorphic and antiholomorphic projector don't commute, and one needs to perform an expansion not just in the gauge fields, but also in the projectors. Without assuming anything about the commutator, this expansion can not be simplified. A natural simplifying assumption is to identify the commutator with a part of the b-field, in which case we find there is a coupling between the worldsheet gauge fields and the b-field term, something that does not occur for the geometric string. We also show that the gauging can be performed in closed form in a single sector, (+) or (−), even for the non-integrable projectors. After gauge-fixing, the BRST operator restricted to a single sector is nilpotent, but is no longer nilpotent when both sectors are included, and the situation must be handled using the Batalin-Vilkovisky (BV) formalism. The difference between the geometric and non-geometric cases can therefore be summarized by the fact that P (+) = P (−) , and by the differing structure of terms non-linear in the b-field and matter field antifields.
The paper is organized as follows. In Section 2 we review (1, 1) sigma models and give our conventions. Section 3 provides a quick review of almost-product manifolds. In section 4 we describe the additional symmetries that occur for almost-product target spaces admitting ∇ (±) -invariant projectors, and their algebras (the lengthy expression for the equation of motion terms that occur in the commutators between holomorphic and antiholomorphic symmetries are given in Appendix A). Section 5 is concerned with generalizing the coupling of the worldsheet metric to the non-geometric cases, restricted to the bosonic subsector. This section uses some ideas from the BRST/BV quantization procedure, which is briefly reviewed in Appendix B. We give some concluding remarks in Section 6.
(1, 1) Sigma models
The action of the (1, 1) sigma model is given by
where z are supersymmetric coordinates on the worldsheet,
with σ parametrizing the bosonic and θ the fermionic directions. X(z) are maps into a target space manifold M, which can be expanded as:
The supercovariant derivatives obey
, and are explicitly given by:
We use the double pluses and minuses to denote holomorphic worldsheet quantities, transforming in the double cover of worldsheet spinor representation, denoted by a single + or −. The component action, after eliminating the auxiliary F i fields by their equations of motions, reads:
The definitions and conventions are as follows:
with
and the Riemann tensor associated with the ∇ (±) connections reads
and obeys the identities R
The first two indices of R i(±) jkl are the Lie algebra indices. For any Riemannian target space, action (2) is invariant under the superconformal symmetry:
where the transformation parameter a g (+) obeys D − a g (+) = 0. The analogous transformation in the antiholomorphic (−) sector is obtained by taking + ↔ −. The g in the superscript labels the symmetry, and signifies the fact that it is the presence of the metric in the target space that is responsible for the superconformal symmetry; the (+) only denotes that we are in the holomorphic sector, and is not related to the transformation properties of the parameter, which are easily determined from the knowledge that X i transforms as a worldsheet scalar.
In this paper we will be using ghostly transformation parameters, so that for example a g (+) is taken to be fermionic. The reason for this is that we wish to perform the commutator calculations in preparation for BRST/BV quantization in Section 5 (see Appendix B), where transformation parameters of gauge symmetries are promoted to ghost fields. However, a familiarity with BRST/BV is not necessary to understand most of the results in the paper, since at the level of writing down commutators and working out algebras, this flip of parity is only a technical issue of carefully working out the sign changes that occur when transforming our expressions to ones that don't use ghostly parameters.
Taking into account the parity flip, the commutator between two transformations is given by:
It is generated in the term linear in the antifields in the master equation (65).
The commutator of two superconformal transformations closes to a superconformal transformation,
while the commutator between the sectors vanishes:
The conserved currents associated with superconformal transformations are:
and obey
Additional symmetries are present if there are forms in the target space covariantly constant with respect to the ∇ (±) connections [5, 6, 7] . For an n-form L (+) i 1 i 2 ···in obeying ∇ (+) L (+) = 0, the symmetry transformation is obtained by raising one of the indices:
with an analogous expression obtained in the (−) sector by + ↔ −. The simplest example is that of an almost-complex structure I (+) , where
is a symmetry provided that ∇ (+) I (+) = 0. The algebra of the δ g (+) and δ I (+) symmetry transformations closes as the standard N = 2 algebra provided that I (+) is integrable, otherwise one has a deformation due to an L-type symmetry (18) related to the Nijenhuis tensor [6] . Similar observations are clearly valid in the (−) sector. We note that when H = 0 an existence of an
With both I (+) and I (−) present, and integrable, the target space is bi-Hermitian [2] , and one obtains the N = (2, 2) algebra. This must be distinguished from the N = (2, 1) algebra which is obtained if only one of the complex structures is present [9] .
3 Almost-product manifolds
An almost product structure 6 is a globally defined (1, 1) tensor R that obeys:
6 For a more detailed review of almost-product geometry the reader may like to consult [2] , the Appendix in [24] , or the mathematical literature [25, 26] .
The manifold then holds the projectors P and Q:
obeying P 2 = P , Q 2 = Q, P Q = 0. We take the manifold to be Riemannian, and assume compatibility with the metric:
which implies that R ij , and therefore P ij and Q ij , are symmetric under the exchange of indices. For this reason, there is no ambiguity in our writing the indices of R and the projectors directly above one another. We also have the relation:
The integrability conditions can be expressed in terms of the Nijenhuis tensor for R:
(R)km = 0, and clearly if both P and Q are integrable, N (R) itself has to vanish.
Additional symmetries on almost-product manifolds
In this section we show that the sigma model admits additional symmetries associated with covariantly constant projectors, and derive their algebras.
Since there are two natural connections ∇ (±) , we need to distinguish between the inequivalent projectors covariantly constant with respect these, P (±) and Q (±) , obeying:
These can be expressed in terms of R (±) , with the properties:
The symmetry transformations are given by:
and depend on (25) as well as the fact that the Riemann tensors (9) for ∇ (±) are pure in their Lie algebra indices with respect to P (±) Q (±) . Here:
The analogous symmetries δ Q (±) are obtained by exchanging P (±) and Q (±) in the above expressions. From (21) it is clear that all these can be expressed in terms of the superconformal symmetry (13) and the symmetry associated with R (±) :
Let us concentrate on the holomorphic sector, and take for the moment R ≡ R (+) . Then
Unlike for the almost-complex Nijenhuis tensor I (+) obeying ∇ (+) I (+) = 0, N (R)ijk is not totally antisymmetric. The vanishing of N (R) is equivalent to the mixed parts of H, with respect to P and Q, vanishing. If P is integrable, only Q i c P a j P b k H c ab needs to vanish, and similarly for Q. M in (28) is clearly closely related to N R , and it follows that on a product manifold M P/Q vanishes. The conformal symmetry then splits in the expected way under the projection. We note that the M part of the transformation (27) is not an L-type transformation (18) , since M ijk is also not totally antisymmetric.
It is possible that there exists only an R (+) obeying (26), but no R (−) (or vice-versa), a situation which can be compared to the (2, 1) models mentioned in Section 2. However, while for covariantly constant forms, taking I (+) = I (−) implies that H = 0, taking R (+) = R (−) only implies that the mixed parts of H with respect to P and Q vanish, in other words, that the almost-product structure is integrable.
It is a somewhat surprising fact that δ P and δ Q each close to form a superconformal algebra, with no deformation due to the presence of the nonlinear part in (27) . Having worked out that [δ P , δ P ] ∼ δ P and [δ Q , δ Q ] ∼ δ Q , the fact that commutator between δ P and δ Q vanishes follows from the fact that δ P + δ Q is just the conformal symmetry. Alternatively one can work out that the commutator between two δ R symmetries (29) closes to itself.
The conserved current associated with δ P (+) is given by:
and similarly for δ Q (+) (P (+) ↔ Q (+) ), and in the (−) sector. As consistency requires, T P + T Q is just the superconformal current, while T P − T Q is the conserved current associated with δ R (29) . Therefore, on an almost-product manifold we have a splitting of the energy momentum tensor (17) , such that in the non-integrable case P a i Q b j Q c k H abc , which is non-zero when δ Q is not integrable, contributes to T P , while Q a i P b j P c k H abc , which is non-zero when δ P is not integrable, contributes to T Q . One can also show directly that
The derivations of the symmetry and current conservation statements and the commutators are quite lengthy, but straightforward, and one has to make frequent use of the fact that the Riemann tensor of the torsionful connection is pure, with respect to P/Q, in its Lie algebra indices, and of the identities (10), (11) , and (12). In the bosonic subsector the calculations can be done quickly, and the results stated straightforwardly. The simplifications occur due to the H dependent part of the energy momentum tensor (17) vanishing when fermions are set to zero.
Commutators between the transformations in the (+) and (−) sectors close, up to equation of motion terms that vanish if the (+) and (−) projectors commute. For simplicity, we demonstrate this in the bosonic subsector. The same statement is true for commutators of the superfield transformations, but the expressions are a lot more complicated to write down (and work out), and we relegate the details to Appendix A. Let us exemplify this by considering [δ P (+) , δ P (−) ]. We have,
as symmetries of
provided that (25) holds. Then
where the commutator between the projectors is explicitly:
The right-hand side of (34) is a symmetry due to a symmetryic-antisymmetric contraction, and is treated in the BRST/BV formalism by introducing terms non-linear in the antifields of φ in the extended action, without a need to introduce additional symmetry transformations. A brief review of the BRST/BV formalism is given in Appendix B.
It is obvious from (21) that the commutators between different projectors are related:
Without further information the projectors in the (+) and (−) sectors are only related by:
The simplest possibility which renders vanishing commutators is that:
As explained above, this implies that all the projectors are integrable. It is also easily checked that (38) can be equivalently expressed as
or as the fact that P (+) is pure in the P (−) indices and has no Q (−) directions, while Q (−) is pure in Q (+) indices and has no P (+) directions (and vice versa).
The vanishing of the commutators is a weaker assumption than P (+) = P (−) , and can be equivalently thought of as P (+) having no mixed part in the P (−) and Q (−) indices (and so on for the other combinations). However, even when P (+) = P (−) , it can still be shown that the vanishing of the commutator implies integrability for all the projectors. This can be seen, for example, by rewriting:
and the other combinations in (36) in terms of H. From the resulting equations it follows straightforwardly that H must pure in its indices with respect to all the projectors. We also note that when P (+) = P (−) and [P (+) , P (−) ] = 0, the geometry admits a set of additional projectors, P (±)
, and Q (±)
. These are not covariantly constant under either ∇ (±) or the Levi-Civita connection.
The non-geometric string
In the previous section we showed that the algebra of the projected conformal symmetries (27) is just the superconformal algebra, even when the projectors are not integrable, up to equation of motion terms that vanish for integrable projectors (or equivalently when all the projectors commute). Therefore, it is possible to have a superconformal theory not associated with a particular manifold of dimension d, but rather to a larger manifold equipped with a non-integrable projector whose rank is d. This provides a general setting for the examples of non-geometric compactifications discussed in the context of doubled bosonic WZW models [19] , that is, with a generalization of the Drinfel'd doubled group [21] as target space, where the nongeometry is also shown to be manifested by invariant non-integrable projectors. 7 In a doubled context we would need to restrict the projectors to having half the rank of the dimension of the target space. The double of a general Calabi-Yau is not known, but is expected to exist [23, 27] , and based on the ideas of [20] should provide an explicitly mirror-symmetric formulation of string theory.
In order to understand the non-geometric conformal theories as defining a string theory, it is necessary to understand how to couple these theories to a worldsheet metric. For (1, 1) models this procedure is technically complicated, even for the standard (non-projected) superconformal symmetries, and we restrict the following discussion to the bosonic subsector. We shall first describe how to obtain the standard bosonic string theory action,
by gauging the conformal symmetries,
which then lends itself to the non-geometric generalization. We are dropping for the time being the double ± notation, since we will not refer to worldsheet spinors in this section.
First let us consider the gauging in just the holomorphic (+) sector, whereby the ghostly holomorphic parameter in (42) a g (+) , obeying ∂ − a g (+) = 0, is promoted to a gauge theory ghost with full dependence on worldsheet coordinates: c g (+) . 8 Then the action,
where we introduce the gauge field h ++ , and
is invariant under the gauge transformation:
While we know the gauge symmetries of (41) from standard geometric considerations, it is not obvious how to obtain (41) by gauging the conformal symmetries in both the holomorphic and anti-holomorphic sectors simultaneously. Here we simply give the result, which can be obtained elegantly from a bi-Hamiltonian formulation [28, 29] . Namely, the action:
is invariant under (45) (extended to both sectors). This provides us with the particular parameterization of the metric:
Λ, being the overall scale of the worldsheet metric, drops out of the action, as must happen due to Weil invariance of (41).
For (43) gauge fixing can be performed using the standard BRST techniques, with the BRST symmetry given by (45) together with
For the action (46) the situation is not as simple, since the gauge symmetries close only up to equations of motion, and the BRST symmetry, which one constructs by extending the holomorphic results just given to the antiholomorphic sector in the obvious way, is only nilpotent on-shell. It is therefore necessary to use the full BV formalism (see Appendix B).
The minimal solution to the master equation is:
.
Gauge fixing is performed by making a flip between the h fields and antifields, and then making the simple choice of Lagrangian submanifold, namely setting all the antifields to zero. One normally refers to the new field as b, so using this notation, the substitution to make in (49) is [29] :
The field-antifield flip can be thought of as a "large" canonical transformation (see Appendix B). This simple gauge fixing step is sufficient to obtain an S 0 with no local invariances, due to the special property that the string theory gauge fields h are not propagating. Were it not for this, one would have to introduce auxiliary pairs, and proceed as described in Appendix B. Keeping the antifields as sources for the BRST transformations demonstrates immediately that the BRST transformations are only nilpotent on-shell, since the extended action is highly non-linear in b * . This is not the case if one restricts to only the holomorphic sector, as is obvious by setting all the b −− and c g (−) fields, as well as their antifields, to zero. It is a neat result that in the extended action it is the b * antifields that parameterize the worldsheet metric.
Our aim is now to investigate the situation when the projected conformal symmetries are gauged. Gauging only a single sector is straightforward. We have,
The gauge symmetry is given by:
and gauge fixing is performed as in the standard case (50), with the replacement g (+) → P (+) .
The gauging of both δ P (+) and δ P (−) is straightforward only when P (+) = P (−) , since then there is no ambiguity in how to couple the worldsheet metric to the P part of g ij = P ij + Q ij in (41). However, when P (+) = P (−) , the gauging involves not only a polynomial expansion in h ++ and h −− but also in P (+) and P (−) . The latter expansion terminates at a finite level when [P (+) , P (−) ] = 0, so we can consider the first non-trivial case, taking P (+) = P (−) with vanishing commutator. As discussed in Section 4, the projectors are still integrable in this case. One can check that:
satisfies the master equation. Here O(h * ) and O(c * ) are the terms involving the antifields of the gauge and ghost fields, which are the same as in the standard case (49), taking c g (±) → c P (±) . Even though we are able to write the action in closed form, it is non-geometric in the sense that it can not be interpreted in terms of coupling to a worldsheet metric.
When [P (+) , P (−) ] = 0, the expansion in P (+) and P (−) doesn't terminate at finite order in general, and we are not able to write down a closed expression. The problem is manifested when using the bi-Hamiltonian method of [28, 29] in the inability to write down the equations of motion for the momenta in closed form, so their elimination must also be done order by order. In addition, we have the non-linearity in φ * to deal with. That is,
needs to be added to the extended action in order to satisfy the master equation, and coupled to the gauge fields in an appropriate manner. If we assume that no additional structure is generated by the commutator, it is necessary to equate P (+) j[i P (−) j k] to some part of b ik . This has an important consequence. In the gauging procedure we still obtain the second line of (54) to lowest order in the gauge fields, except that
The novelty is thus that, unlike in (46) and (54), the b ij field term now couples to the gauge fields. Furthermore, b ij is not a tensor unless H is exact, but rather has an interpretation in terms of gerbes [30] . This then has an interesting consequence, as it implies that the projectors should also transform non-tensorially. We leave a detailed study of these possibilities for future work.
Outlook
In this paper we have described the additional symmetries that occur in (1, 1) sigma models on almost-product manifolds with ∇ (±) -invariant projectors, and shown that the superconformal algebra remains undeformed, up to equation of motion terms. The non-geometric superconformal theories then correspond to non-integrable projectors on some larger manifold. We described how one can define a non-geometric string by gauging these symmetries, and the ever increasing degree of complexity that occurs as the projectors are taken to be non-integrable and noncommuting. In many ways this is only a first step. Most obviously, we only did the analysis in the bosonic subsector, and did not obtain an all-order expression for the expansion in the gauge fields when the projectors are non-integrable. It would also be of interest to understand the significance of the non-commutativity of the projectors, and whether this is related to noncommutativity of coordinates as probed by D-branes, that has been studied extensively in the context of T-duality and the doubled formalism (see for example [31] and the references therein).
A further direction we aim to study in forthcoming work is to understand the conditions for (2, 2)-supersymmetry, with both the superconformal theory and the additional supersymmetries realized in the projective sense. From a physical perspective, (2, 2) supersymmetry realized on a compact six-dimensional Calabi-Yau corresponds to N = 2 spacetime supersymmetry in compactification of string theory to four dimensions, and it is clearly desirable to investigate scenarios where the non-compact theory is realized non-geometrically. From the mathematical side there is a correspondence between manifolds with generalized complex structures and target spaces of (2, 2) sigma models. Studying non-geometric (2, 2) models may then shed some light on a generalized formalism that combines generalized complex geometry with generalized product geometry (the later would be defined in terms of an object on T ⊕ T * that squares to unity, generalizing R in (20)). More optimistically, one can hope that a manifestly mirror symmetric formulation of string theory, based on some as-yet unknown double of a generic Calabi-Yau manifold, is most naturally expressed in terms of such a formalism.
Finally, we note that bosonic conformal field theories associated with covariantly constant projectors have been studied at the quantum level in the wonderful but little known paper [22] , which came to my attention late in the development of this work. Among other implications, the results therein should be of relevance in linking non-geometric compactifications more explicitly with string theory, since the appropriate generalizations of the bosonic stringy equations of motion are worked out.
B The Batalin-Vilkovisky formalism
In this appendix we describe how the Batalin-Vilkovisky (BV) [32, 33] prescription is used to gauge fix a classical gauge invariant action S 0 ; for a thorough introduction to the subject we refer the reader to [34] . We take S 0 to be a functional of the fields φ i (x), and invariant under a set of gauge symmetries, which we write as:
Repeated indices here signify both summation and integration, a notation which will be used throughout this section. The gauge transformations are labeled by the capital letter index, so ε A stand for a set of transformation parameters depending on x. The gauge invariance of the action is expressed as:
The first step in the gauge fixing procedure is to introduce ghost fields c A , which have opposite parity to the gauge transformation parameters ε A . These are grouped together with φ i in a collective field:
In addition, a set of fields Φ * α are introduced that have opposite parity to Φ α . These are referred to as antifields.
The next ingredient is the antibracket, which is an odd symplectic structure on the space of fields and antifields, and can locally be put in the form:
acting on two objects A and B that depend on Φ and Φ * .
Next, we construct an action that starts as,
with the dots completed by requiring S min to be a solution to the classical master equation:
For reasons that will become clear shortly, S min is called the minimal solution. For a gauge algebra that is not reducible and closes on-shell the solution to the master equation is given by:
where N C AB are the (possibly field dependent) structure functions of the gauge algebra. The master equation reads,
where ǫ ∈ Z 2 is zero when the field in its subscript is bosonic and one when it is fermionic. The term independent of antifields expresses the invariance of the action, the term proportional to φ * the closure of the algebra, while the term proportional to c * is related to the Jacobi identity. In reference to the standard BRST procedure, antifields in (64) are simply sources for BRST transformations, and the master equation expresses their nilpotence. For gauge algebras that close up to equations of motion (open algebras), terms non-linear in the antifields are needed to obtain a solution to the master equation. 9 The gauge fixing step consists of picking a Lagrangian submanifold in the space of fields and antifields, by which we mean that the odd symplectic structure (63) vanishes when restricted to it. The obvious choice is to set all the antifields Φ * to zero, but this leaves the standard gauge invariant action, which is clearly not a good starting point for defining the quantum theory. So we seek a deformation away from this choice, by performing a canonical transformation, i.e. a transformation Φ → Φ ′ , Φ * → Φ * ′ , that preserves the antibracket (61). It can be shown that such a transformation is generated by a fermionic function F (Φ, Φ * ′ ) of fields and antifields as:
For most purposes it is sufficient to consider a less general set of transformations when F is of the form
where Ψ is referred to as the gauge fixing fermion. Furthermore, it is sufficient to let Ψ depend only on fields, so that the canonical transformation acts only on antifields. In this case the canonical transformations are simply:
This deforms the classical action by terms coming from the antifields dependent part of the extended action, but doesn't generate field redefinitions. Performing field redefinitions that preserve the canonical form of the antibracket (61) necessitates the use of (66), and the form (67) is no longer sufficient.
The minimal solution has a global U (1) "ghost" symmetry, where the U (1) charges, referred to as ghost numbers, are conventionally assigned as:
In order for a canonical transformation to preserve ghost number it is necessary that gh(F ) = gh(Ψ) = −1. We need a Ψ independent of antifields, but such a fermion can't be constructed from the fields in the minimal solution, since these all have positive ghost number. To cure this, auxiliary field pairs b A and λ A are introduced, with gh(b A ) = −1 and gh(λ A ) = 0, which can then be used to construct an appropriate Ψ. The extended action with the auxiliary fields (the non-minimal solution) reads:
After performing an appropriate canonical transformation one obtains an action which, after setting the antifields to zero, has a well defined propagator. The antifields can be kept in the path integral expression as background fields, at the linear level acting as sources for BRST transformations. We note that, at the linear level, we have simply restated the BRST procedure, where gauge fixing is performed by adding δ BRST Ψ to the classical action.
The BV procedure is justified if the quantum theory is independent of the choice of gauge fixing fermion (other than at the singular point when Ψ = 0). This is most succinctly stated in terms of the quantum effective action,
where Z is the generating functional, and:
One can show that the theory is independent of the choice of gauge fixing fermion, provided the effective action obeys the classical master equation (Γ, Γ) = 0, where, crucially, the functional derivatives are with respect to Φ i (c) . This is equivalent to the more usual formulation in terms of the quantum master equation, which we won't go into here.
In defining observables, it is crucial that the solution to the master equation defines a nilpotent operator, δ BV : δ BV A := (A, S ext ) .
Without any restrictions on the observables the theory would be non-unitary, since the ghost fields don't obey the spin-statistics theorem. The natural restrictions is to require observables to obey δ BV O = 0, because then one can show that their expectation values are independent of the gauge choice. However, any observable of the form O = δ BV F can be considered trivial since it is automatically closed, and it follows that physically distinct observables are classified by the cohomology of δ BV . In order to respect the classical limit, a further restriction is to require observables to have ghost number zero. δ BV Φ α is independent of antifields only if the solution to the master equation is linear in the antifields (64), in which case it corresponds to the standard BRST transformations. It is conventional to define the BRST operator in the general case as:
however, this operator then only nilpotent up to equations of motion whenever S ext has terms nonlinear in antifields.
